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1. Introduction

Let G be a profinite group. If G is covered by countably many closed subgroups, then
by Baire Category Theorem [11, p. 200] at least one of the subgroups is open. This
simple observation suggests that if G is covered by countably many closed subgroups
with certain specific properties, then the structure of G is similar to that of the covering
subgroups. For example, if G is covered by countably many periodic subgroups, then G
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is locally finite. We recall that the group G is periodic (or torsion) if each element in
G has finite order. The group is locally finite if each of its finitely generated subgroups
is finite. Following his solution of the restricted Burnside problem [19,20] and using
Wilson’s reduction theorem [17], Zelmanov proved that periodic compact groups are
locally finite [21]. Another example is that if G is covered by countably many subgroups
of finite rank, then G has finite rank. The profinite group G is said to have finite rank
at most r if each closed subgroup of G can be topologically generated by at most r
elements. A somewhat less obvious result of the same nature is that a profinite group
is covered by countably many procyclic subgroups if and only if it is finite-by-procyclic
(see Proposition 2.12 in the next section). The group G is called finite-by-procyclic if it
has a finite normal subgroup N such that G/N is procyclic.

If 7,y € G, then [z, y] = 2~ 'y~ tay is the commutator of z and y. The closed subgroup
of G generated by all commutators is the commutator subgroup G’ of G. In general,
elements of G’ need not be commutators (see for instance [10] and references therein).
On the other hand, Nikolov and Segal showed that for any positive integer m there exists
an integer f(m) such that if G is m-generator, then every element in G’ is a product
of at most f(m) commutators [12]. Several recent results indicate that if the set of all
commutators is covered by finitely, or countably, many subgroups with certain specific
properties, then the structure of G’ is somehow similar to that of the covering subgroups.

It was shown in [2] that if G is a profinite group that has finitely many periodic sub-
groups (respectively, subgroups of finite rank) whose union contains all commutators,
then G’ is locally finite (respectively, G’ is of finite rank). In [1] similar results were ob-
tained for the case where commutators are covered by countably many subgroups: if G is
a profinite group that has countably many periodic subgroups (respectively, subgroups of
finite rank) whose union contains all commutators, then G’ is locally finite (respectively,
G’ is of finite rank). In [4] the corresponding results were obtained for profinite groups in
which commutators of higher order are covered by countably many periodic subgroups,
or subgroups of finite rank. It was shown in [7] that if G is a profinite group that has
finitely many, say m, procyclic subgroups whose union contains all commutators, then
G’ is finite-by-procyclic. In fact, G’ has a finite characteristic subgroup M of m-bounded
order such that G’'/M is procyclic. Moreover, if G is a pro-p group that has m procyclic
subgroups whose union contains all commutators, then G’ is either finite of m-bounded
order or procyclic. Earlier, Fernandez-Alcober and Shumyatsky proved that if G is an
abstract group in which the set of all commutators is covered by finitely many cyclic
subgroups, then the commutator subgroup G’ is either finite or cyclic [6].

In the present article we deal with profinite groups in which the commutators are cov-
ered by countably many procyclic subgroups. The main result is the following theorem.

Theorem 1.1. Let G be a profinite group. The commutator subgroup G’ is finite-by-
procyclic if and only if the set of all commutators of G is contained in a union of countably
many procyclic subgroups.
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We notice that unlike in the other examples, the structure of pro-p groups G in
which the commutators are covered by finitely many procyclic subgroups is different
from that of pro-p groups in which commutators are covered by countably many pro-
cyclic subgroups: in the former case G’ is either finite or procyclic while, according to
Theorem 1.1, this is not necessarily true in the latter case.

An interesting observation that follows from Theorem 1.1 and Proposition 2.12 is that
if the set of commutators of a profinite group G is contained in a union of countably
many procyclic subgroups, then the whole commutator subgroup G’ is contained in a
union of countably many procyclic subgroups. But of course we cannot claim that the
family of procyclic subgroups that covers the set of all commutators is necessarily the
same as the one that covers G'.

Another noteworthy fact that can be deduced from Theorem 1.1 concerns profinite
groups G such that G’ is pro-p. Assume that G is such a group and the set of commutators
of G is contained in a union of countably many procyclic subgroups of G’. Then at least
one of the subgroups is open in G’. Indeed, let C1,Cs, ... be countably many procyclic
subgroups of G’ containing the commutators. Theorem 1.1 tells us that G’ has a finite
normal subgroup N such that G’/N is procyclic. If G’ is finite, there is nothing to prove.
So we assume that G’/N is infinite. Since G’ is a pro-p group, it follows that any infinite
subgroup of G’ is open. In particular, if G contains a commutator, say x € C}, of infinite
order, then C}, is open in G’. Otherwise, if all commutators in G have finite order, then
all of them must belong to N and we conclude that, since N contains all commutators,
N = @'. In that case G’ is finite and the result follows.

We do not know whether the similar phenomenon holds if the covering subgroups are
not necessarily procyclic.

We have already mentioned that a finite-by-procyclic profinite group is covered by
countably many procyclic subgroups. Thus, the hard part of the proof of Theorem 1.1
is the one where we show that if the set of all commutators of GG is contained in a
union of countably many procyclic subgroups, then G’ is finite-by-procyclic. In the next
section we provide some helpful results which are used throughout the paper. We also
establish that a profinite group is covered by countably many procyclic subgroups if and
only if it is finite-by-procyclic (Proposition 2.12). In Sections 3 and 4 we study profinite
groups in which the commutators are covered by countably many procyclic subgroups.
Section 3 deals with virtually abelian groups while Section 4 is devoted to the metabelian
case. After the virtually abelian and the metabelian cases are dealt with, the proof of
Theorem 1.1 becomes easy. It is given in the final section.

2. Preliminaries

For a profinite group G we denote by m(G) the set of prime divisors of the orders of
finite continuous images of G. If a profinite group G has 7(G) C 7, then we say that G
is a pro-m group. Recall that Sylow theorems hold for p-Sylow subgroups of a profinite
group (see, for example, [18, Ch. 2]). When dealing with profinite groups we consider
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only continuous homomorphisms and quotients by closed normal subgroups. If H is a
closed subgroup of G such that #(H) C 7, we say that H is a pro-m subgroup of G, or
just a m-subgroup of G. The group G possesses a certain property virtually if it has an
open subgroup with that property.

Lemma 2.1. Let A be an abelian profinite group which is virtually procyclic. Then A is
finite-by-procyclic.

Proof. The lemma is immediate from the fact that a finitely generated profinite abelian
group is a direct sum of finitely many procyclic subgroups [15, Theorem 4.3.5]. O

The next lemma follows from the fact that a direct product of two finite groups of
coprime orders is cyclic if and only if both factors are cyclic.

Lemma 2.2. Let A = [[;.; Ai be an abelian profinite group that can be written as a
Cartesian product of finite subgroups A; such that (|A;],|A;|) = 1 whenever i # j. Then
the following holds:

(i) A is procyclic if and only if A; is cyclic for each i.
(ii) A is virtually procyclic if and only if all but finitely many of the subgroups A; are
cyclic.

We will also require the following lemma taken from [7, Lemma 2.2].
Lemma 2.3. Let H be a characteristic subgroup of a profinite group G. Suppose that H
possesses a finite normal subgroup N such that H/N is procyclic. Then G has a finite

characteristic subgroup M contained in H such that H/M is procyclic.

Given subgroups A and B of a group G, we denote by [A, B] the subgroup generated
by the set {[a,b] | a € A,b € B}.

Lemma 2.4. Let A and B be two subgroups of a group G such that [A, B] = 1. Suppose
that = is a commutator in elements of A and y is a commutator in elements of B. Then

the element xy is a commutator in G.

Proof. Let © = [ay,as] for some aj,a3 € A and y = [by, ba] for some by,bs € B. Since
[A, B] =1 we have [a1b1, asbs] = [a1, az][b1,b2] = xy and the result follows. O

The following result is well-known.

Lemma 2.5. Let G be a procyclic group faithfully (and continuously) acted on by a
group A. Then A is an abelian group.
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In the above lemma the hypothesis that A acts on G continuously is superfluous since
any automorphism of a procyclic group is continuous. Now we state a well-known fact
about coprime actions on finite groups. As usual, [G, A, A] stands for [[G, A], A].

Lemma 2.6 (/8/, Theorem 3.5.6). Let A and G be finite groups with (|G|,|4A|) = 1 and
suppose that A acts on G. Then we have [G, A, A] =[G, A].

We will require the following two results taken from Guralnick [9].

Theorem 2.7 (/9], Theorem A). Let P be a Sylow p-subgroup of a finite group G. If PNG’
is abelian and can be generated by at most two elements, then PN G’ consists entirely of
commutators.

Lemma 2.8 (/9], Lemma 2.5). Suppose G = (x,y, B) is a finite group with B an abelian
subgroup such that G' < B and [z,y] of order n. Then the subset {[z,y]°b | b €
[G, B], (e,n) = 1} consists of commutators.

In the present paper Lemma 2.8 will be used in the following special form.

Lemma 2.9. Let A = (z,y) be a finite abelian 2-generator group acting on a finite abelian
group B. Then every element of [B, A] is a commutator.

Proof. Put G = BA. It is clear that G’ < B. So it follows from Lemma 2.8 that [G, B]
consists of commutators. In particular, [B, A] consists of commutators. O

Lemma 2.10. Let G be a group and N a normal subgroup of G. Set K = G/Cg(N) and
consider the natural action of K on N. Then [N,G] = [N, K].

Proof. If n € N and g € G, we have [n,g] = [n,9Cc(N)]. Thus, the equality [N,G] =
[N, K] follows. O

We denote by v(G) the intersection of all terms of the lower central series of G.
It is clear that a finite group G is nilpotent if and only if v, (G) = 1. Therefore a
profinite group G is pronilpotent if and only if v, (G) = 1. By a well-known property of
finite groups v (G) is generated by all commutators [z, y], where z and y have mutually
coprime orders (see for example [13, Theorem 2.1]).

Lemma 2.11. Let G = AB be a finite group that is a product of two subgroups A and B
with (|A|,|B|) = 1. Suppose that p1 < pa whenever p1 € w(A) and p2 € ©(B). If 700 (G)
is cyclic, then B is normal in G.

Proof. Let G be a counterexample of minimal possible order. Then G is not nilpotent
and S0 Ve (G) # 1. Thus, since Yo (G) is cyclic, it follows that G has a normal subgroup
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N of prime order p, for some prime p. By induction, the image of B in the quotient
group G/N is normal and therefore the subgroup N B is normal in G. If p € 7(B), then
N < B and we have nothing to prove. Suppose that p € w(A). Since p is smaller than
any prime divisor of |B|, it follows that [N, B] = 1, and so NB = N x B. Therefore B
is characteristic in N B, hence normal in G and this leads to a contradiction. O

We will now prove that a profinite group is covered by countably many procyclic
subgroups if and only if it is finite-by-procyclic. The structure of procyclic groups is
well-known (cf [15, Theorem 2.7.2]). We will use the fact that a procyclic group G such
that |7(G)| < oo has only countably many closed subgroups.

Proposition 2.12. A profinite group G is covered by countably many procyclic subgroups
if and only if G is finite-by-procyclic.

Proof. Suppose first that G has a finite normal subgroup N such that G/N is procyclic.
Set m = m(N)Um(Aut(N)). Of course, 7 is a finite set of primes. Let D be the subgroup
of G generated by all m-elements and F the subgroup of G generated by all n’-elements.
It is clear that D = O,(G) and E = O (G). Thus G =D x E.

Let a € D be an element such that aN is a generator of D/N. We know that (a) has
at most countably many closed subgroups. Let 1 = A, As,... be the closed subgroups
of (a). In each A; we choose a generator a;. Let B be any procyclic subgroup in D. There
exists 4 > 1 such that BN = A;N. Clearly, B = {a;x) for a suitable x € N. Since there
are at most countably many pairs (a;, ), it follows that D has only countably many
procyclic subgroups, say D1, Ds,.... Recall that G = D x E. We now easily deduce that
G is covered by countably many procyclic subgroups, each of the form D; x E. Thus, we
proved that if G has a finite normal subgroup N such that G/N is procyclic, then G is
covered by countably many procyclic subgroups. Let us now prove the converse.

Assume that G is covered by countably many procyclic subgroups. We wish to show
that G is finite-by-procyclic. By [14, Theorem 1.1] G is finite. We can pass to the quotient
G /G’ and without loss of generality assume that G is abelian. Then, by Lemma 2.1, G
is finite-by-procyclic, as required. The proof is now complete. 0O

3. On virtually abelian groups

It is clear that a profinite group G has rank one if and only if G is procyclic. It
was shown in [4, Theorem 2] that if all commutators in G are contained in a union of
countably many subgroups of finite rank, then the rank of G’ is finite.

Let G be, as in Theorem 1.1, a profinite group in which the set of all commutators
is contained in a union of countably many procyclic subgroups. In the course of proving
Theorem 1.1 we will often use some simple arguments that show that certain subgroups
of G can be assumed procyclic. We will now formalize those arguments as follows.
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Remark 1. Suppose that G has a subgroup M such that every element of M is a commu-
tator. It follows that the subgroup M is covered by countably many procyclic subgroups.
By Baire Category Theorem one of those procyclic subgroups is open. Thus, by Propo-
sition 2.12, M is finite-by-procyclic.

Remark 2. Suppose that G has an abelian normal subgroup A. For every element x € G
the subgroup [A, z] consists entirely of commutators. Therefore, by Remark 1, the sub-
group [A, z] is finite-by-procyclic.

Remark 3. Suppose that G has a normal abelian virtually procyclic subgroup V. The
set of all torsion elements in V forms a finite characteristic subgroup M such that V/M
is procyclic. Then G’ is finite-by-procyclic if and only if the commutator subgroup of
G /M is finite-by-procyclic. Thus, we can pass to the quotient G/M and, without loss of
generality, assume that V' is procyclic.

Remark 4. Let G be a profinite group and T be a procyclic subgroup of G. Then G
contains a maximal procyclic subgroup S such that T' < S. Indeed, suppose that this is
false and write T' =T < T3 < ---, where T; are procyclic subgroups of G. Let Ty be
the topological closure of | J; T;. In any finite quotient of G the image of Tj is cyclic and
therefore Ty is topologically generated by just one element. Hence, Ty is procyclic and
this proves the claim.

We will now deal with the following particular case of Theorem 1.1.

Lemma 3.1. Let G be a profinite group in which all commutators are contained in a
union of countably many procyclic subgroups. If G' is an abelian pro-p subgroup, then G’
is finite-by-procyclic.

Proof. By [4, Theorem 2| G’ has finite rank, say r. The lemma will be proved by induction
on r. If r =1, then G’ is procyclic and there is nothing to prove.

Assume that r > 2. Since finitely generated abelian profinite groups decompose as
direct sums of procyclic subgroups, torsion elements of G’ form a finite normal subgroup,
say Go. We can pass to the quotient G/G( and, without loss of generality, assume that
G’ is torsion-free. Since G’ is abelian, Remark 2 shows that the subgroup [G’,z] is
finite-by-procyclic for all  in G. Since G’ is torsion-free it follows that [G’, z] is infinite
procyclic. This happens for every x € G. We also note that since G is metabelian, the
subgroup [G’, ] is normal in G.

Choose a maximal normal procyclic subgroup M in G’. Suppose that G'/M is not
torsion-free and let N/M be a finite subgroup in G’/M. Since G'/M is abelian of finite
rank, every finite subgroup of G’/M is contained in a finite characteristic subgroup.
Hence, we can choose N to be normal in G. By Lemma 2.1 N is finite-by-procyclic.
Taking into account that G’ is torsion-free, we conclude that NN is procyclic. Since M was
chosen maximal, this leads to a contradiction. Hence, G’ /M is torsion-free. Therefore the



C. Acciarri, P. Shumyatsky / Journal of Algebra 473 (2017) 166—-182 173

rank of G’ /M is strictly less than that of G’. By induction, G’ /M is finite-by-procyclic.
We already know that G’ /M is torsion-free. Therefore G’ /M is procyclic. By a profinite
version of Theorem 2.7 it follows that every element of G’ is a commutator. Hence, by
Remark 1, G’ is finite-by-procyclic. O

As usual, the Frattini subgroup of a group T is denoted by ®(T"). In the proof of the
next lemma we use the well-known Schur Theorem that if G is a group whose center has
finite index, then G’ is finite [16, Theorem 4.12].

Lemma 3.2. Let G be a profinite group in which all commutators are contained in a
union of countably many procyclic subgroups. If G contains an open mormal abelian
pro-p subgroup A, then G’ is finite-by-procyclic.

Proof. Suppose that the result is false and take a counterexample G with the index
[G : A] as small as possible. If [G : A] = 1, there is nothing to prove. If [G : A] = g,
for some prime ¢, then G is metabelian and the result follows from Lemma 3.1. So we
assume that [G : A] is not a prime number.

Assume first that G/A is not simple. Let K /A be a proper non-trivial normal subgroup
of G/A. Since G is a counterexample with [G : A] as small as possible, it follows that K’
is finite-by-procyclic. Lemma 2.3 tells us that K’ has a finite characteristic subgroup N
such that K'/N is procyclic. It is clear that G’ is finite-by-procyclic if and only if the
commutator subgroup of G/N is finite-by-procyclic. Thus, we can pass to the quotient
G/N and, without loss of generality, assume that K’ is procyclic. Since the group of
automorphisms of a procyclic group is abelian, we have K’ < Z(G’). Since A is open, it
follows that the Sylow subgroups of G corresponding to primes other than p are finite.
Suppose that K is abelian. We pass to the quotient over the (finite) subgroup generated
by all p’-elements of K and assume that K is a pro-p group. Since the index [G : K]
is smaller than [G : A], by induction we deduce that G’ is finite-by-procyclic. Thus, in
the case where K is abelian, G’ is finite-by-procyclic as required. This shows that G’/ K’
is finite-by-procyclic. Let L be the minimal normal subgroup of G’ such that L/K’ is
finite and G’/L is procyclic. Since K’ is contained in Z(G'), it follows from the Schur
Theorem that L’ is finite. We pass to the quotient over L’ and assume that L is abelian.
Further, the argument in Remark 3 allows us to assume that L is procyclic, in which
case L < Z(G"). Since also G’/ L is procyclic, it follows that G’ is abelian. Now the result
is immediate from Lemma 3.1. Thus, in the case where G/A is not simple, or simple of
prime order, we are done.

Assume that G/A is a non-abelian simple group. Of course, in this case we have
[A,G,G] = [A,G]. Since A is normal abelian, we apply Remarks 2 and 3 and assume
that [A, x] is procyclic for every z € G. Here we use the fact that G contains only finitely
many subgroups of the form [A,z]. Put M = [A, G]. Suppose first that M is procyclic.
Then the equality M = [M,G] implies that M = 1. Therefore G is central-by-finite
and, by Schur’s theorem G’ is finite. Thus, we may assume that M is of rank n > 2.
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Since G/A acts faithfully on M/®(M), we have an embedding of G/A in GL(V), where
V = M/®(M). However, for any p’-element g of SL(V') the dimension of [M, g] must be
at least two. This leads to a contradiction since [A, z] is procyclic for every x € G. The
proof is now complete. O

We will now look at the case where the open normal abelian subgroup A is not neces-
sarily a pro-p subgroup. Our immediate goal is to show that [A, G] is finite-by-procyclic.
We denote by O,(G) the unique largest normal pro-m subgroup of G.

Lemma 3.3. Let G be a profinite group in which all commutators are contained in a union
of countably many procyclic subgroups. If G contains an open normal abelian subgroup
A, then (A, G] is finite-by-procyclic.

Proof. Choose a prime p € 7w(A) and let P be the Sylow pro-p subgroup of A. Note
that [P,G] is the Sylow pro-p subgroup of [A,G]. Moreover, by Lemma 2.10, in the
semidirect product of P by G/Cg(P) we have [P,G] = [P,G/Cg(P)]. Since A is open
in G, the semidirect product of P by G/Cq(P) is a virtually pro-p group and it follows
from Lemma 3.2 that [P, G] is finite-by-procyclic. It is now straightforward that for any
finite set of primes o the subgroup O, ([A4, G]) is finite-by-procyclic.

Let # = w(G/A). Since 7 is finite, it follows that O, ([4, G]) is finite-by-procyclic. We
observe that [4,G] = O,([4, G]) x O ([A,G]). Therefore it is sufficient to show that
O, (|4, G]) is finite-by-procyclic. We can pass to the quotient G/O,([A4, G]) and simply
assume that [A, G] = O ([4, G)).

Let K = G/Cg(A). Thus, K is a finite group acting on A by automorphisms. Applying
the argument in Remarks 2 and 3 to all subgroups of the form [A,g] (there are only
finitely many of them) we assume that [A, g] is procyclic for any g € K. Thus, a finite
m-group K acts faithfully and continuously on the profinite abelian 7’-group A in such
a way that [A,g] is procyclic for any g € K. Suppose that [A, K] is not procyclic.
Then we can choose a Sylow pro-p subgroup P < [A, K] such that P is not procyclic
and P = [P, K]. By [3, Lemma 2.11] either the quotient group K/Ck(P) is cyclic, or
otherwise, there exists an element gy € K such that [P, go] is not procyclic. Obviously
under our assumptions the latter case is impossible so we conclude that K/Ck(P) is
cyclic. Write K = (g, Ck (P)) for some element g € K. Then we have P = [P, K| = [P, g|.
Since [P, g] is procyclic, this is a contradiction. O

Now we are ready to prove the main result of this section.

Theorem 3.4. Let G be a profinite group in which all commutators are contained in
a union of countably many procyclic subgroups. If G contains an open normal abelian
subgroup A, then G' is finite-by-procyclic.

Proof. We know from Lemma 3.3 that [A, G] is finite-by-procyclic. We use Remark 3 and
assume that [A4, G] is procyclic. It follows from Lemma 2.5 that [A, G] < Z(G’). In the
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quotient group G/[A, G] the subgroup A is central so, by Schur’s theorem, G'/[A, G] is
finite and hence G’ is central-by-finite. In particular, G” is finite. We pass to the quotient
over G" and assume that G’ is abelian. Since G’ is virtually procyclic, it follows from
Lemma 2.1 that G’ is finite-by-procyclic. The proof is complete. O

4. On metabelian groups

The purpose of the present section is to prove the following theorem.

Theorem 4.1. If G is a metabelian profinite group in which all commutators are contained
in a union of countably many procyclic subgroups, then G’ is finite-by-procyclic.

The special case where G’ is an abelian pro-p subgroup was already proved in
Lemma 3.1. The general case, where G’ is not necessarily pro-p, is more complicated
since it does not reduce easily to the situation where G’ is torsion-free. The case of
the theorem where G’ is torsion-free is quite easy. Indeed, for any p € n(G’) we con-
sider the quotient group G/O, (G’). In view of Lemma 3.1 we conclude that each Sylow
p-subgroup of G’ is procyclic. Hence, in the case where G’ is torsion-free G’ is procyclic.

Proof of Theorem 4.1. We start with an easy observation that any Sylow subgroup of
G’ is finite-by-procyclic. Indeed, choose a prime p € 7(G’) and consider the quotient
G/Op (G'). The commutator subgroup of G/O, (G’) is a pro-p group and therefore,
by Lemma 3.1, it is finite-by-procyclic. Thus, the Sylow p-subgroup of G’ is finite-by-
procyclic.

Let C1,C5, ..., be the countably many procyclic subgroups of G’ whose union contains
all commutators. Let € G. By Remark 2 [G', x] is virtually procyclic and consists of
commutators. Therefore for any = € G there exist positive numbers n(x) and i(z) such
that [G/’x]n(z) < Cz(x)

For each pair a = (n,7) we define the set

So ={x e G |G, z]" <C i}

The sets S, are closed in G. Indeed, fix a pair @ = (n,i) and suppose that « ¢ S,. It
follows that [G’,z] contains an element y such that y™ ¢ C;. We can choose an open
normal subgroup N in G such that the image of y™ in G/N is not contained in the
image of C;. We see that no element that belongs to the coset IV is contained in S,.
Therefore the complement of S, is open (for each element in the complement there
exists a neighborhood of that element which is entirely contained in the complement).
Therefore the set S, is closed.

It is clear that the group G is covered by the sets S,. By Baire’s Category Theorem
at least one of these sets contains a non-empty interior. Thus, there exists a certain
pair (7,7) such that G possesses an element b and an open normal subgroup H with
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the property that [G',z]" < C; for any = € bH. Let 7* be the set of prime divisors
of m. Since G’ is abelian of finite rank [4, Theorem 2|, the subgroup generated by all
m*-elements of finite order in G’ is finite. Passing to the quotient over this subgroup we
can assume that for any prime p € 7* the Sylow p-subgroup of G’ is infinite procyclic. If
necessary, we enlarge the subgroup C; replacing it by the product of C; with all Sylow
subgroups of G’ corresponding to the primes in 7*. Obviously this product is again a
procyclic subgroup. To avoid changing the notation we simply assume that C; contains
the Sylow subgroups corresponding to the primes in 7*. It follows that [G',x] < C; for
any x € bH. Taking into account that each subgroup of the form [G’,z] is normal in G
we deduce that [G’, h] < [G',bh][G',b] < C; for any h € H. Hence, [G', H] < C;. Let us
prove the following claim.

Claim 1. The third term of the lower central series of G (denoted by v3(G)) is virtually
procyclic.

Let 7(G) = {p1,p2,...} and {G1,Ga,...} be a Sylow system in G such that G;
is a Sylow p;-subgroup of G. Thus, G;G; = G;G; for all 4, j. For every i = 1,2...
put R; = v3(G) N G;. Since ®(y3(G)) = [[; P(R;), it follows from Lemma 2.2(ii) that
~v3(G)/®(v3(G)) is virtually procyclic if and only if R;/®(R;) is cyclic for all but finitely
many primes p;. Therefore, since the Sylow subgroups of G’ are finite-by-procyclic, if
v3(G)/®(v3(@)) is virtually procyclic then so is v3(G).

Assume by absurdum that ~v3(G) is not virtually procyclic. Pass to the quotient over
®(v3(G)) and assume that every subgroup R; is elementary abelian. Further, each sub-
group R; is finite since G’ has finite rank.

Let G = (H,by,...,by). Set Ko = H, Ky = (H,b\), ..., Ky = (H,by,...,b;) = G.
Let § be the minimal index in {0,...,s} for which [G’, K3] is not virtually procyclic.
Since [G', Ky] = [G', H] < (%, it is clear that 1 < § < s. Since all subgroups [G’, b;]
consist of commutators, they are virtually procyclic. Using Remark 3 we assume that
each subgroup [G’,b;] is procyclic. For the same reason we can assume that [G’, K;5_1]
is procyclic.

Let o be the set of all primes for which the corresponding Sylow subgroups of [G', K]
are not cyclic. Since [G’, K3 is not virtually procyclic, it follows that the set o is
infinite. Moreover v3(G/O4 (v3(G))) is not virtually procyclic. Consider the quotient
G/O, (v3(G)) in place of G and just assume that o = 7w(y3(G)). Since [G’, K3] =
[G', K5_1][G', bg] and since both subgroups [G’, K3z_1] and [G’, bg] are procyclic while
none of the Sylow subgroups of [G’, K3] is cyclic, we conclude that [G', Kz 1]N[G',bs] = 1
and 7([G’, Kz_1]) = n([G',bs]) = 0.

Suppose that [G’, h] is finite for any h € H. For any positive integer A\ define

Sx={h e H[[[G',h]] < A}.

The sets Sy cover the subgroup H and it is clear that each set S) is closed. By Baire’s
Category Theorem at least one of these sets contains a non-empty interior. Hence there
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exists an integer m such that H contains a open normal subgroup H; with the property
that |[G',h]] < m for any h € H;. Since G’ is abelian of finite rank, the subgroup
generated by all elements of finite order at most m in G’ is finite. We pass to the quotient
over this subgroup and thus assume that Hy < Cg(G’). In that case G/Cq(G’) is finite.
The semidirect product of G’ by G/C(G’) is virtually abelian. Lemma 2.10 tells us that
[G',G] = [G',G/Cg(G")]. By Theorem 3.4 the commutator subgroup of the semidirect
product of G’ by G/Cq(G’) is finite-by-procyclic. Since v3(G) = [G', G/Cx(G")], we now
conclude that v5(G) is finite-by-procyclic. This is a contradiction since we have assumed
that ~3(G) is not virtually procyclic. Hence there exists hg € H such that [G’, ho] is
infinite.

Set D = (bs, ho). Lemma 2.10 shows that [G’, D] = [G', D/Cp(G")]. Furthermore
D’ centralizes G’ and so D/Cp(G’) is an abelian 2-generator group. By Lemma 2.9, we
deduce that every element of [G’, D] is a commutator. By Remark 1 we know that [G', D]
is virtually procyclic. An application of Remark 3 allows us to assume that [G', D] is
procyclic.

Recall that [G',bs] < [G', D). Since 7([G’,b3]) = o, it follows that [G’,bs] = [G’, D].
In particular [G', ho] < [G', bg]. Taking into account that hg € Kz_1, we deduce that the
infinite subgroup [G’, ho] is contained in [G’, K3_1]. Therefore [G’, hg] is contained in the
intersection of [G', K5_1] and [G’, bs]. We have already remarked that the intersection
is trivial. It follows that [G’, hg] = 1. This is a contradiction. The proof of Claim 1 is
complete.

Now using Remark 3 we may take the following assumption.

Additional assumption 1. v3(G) is procyclic.

Recall that {G1,Ga, ...} is a Sylow system in G such that G; is a Sylow p;-subgroup
of G and G;G; = G;G;. From now on we assume that p; < p;, whenever ¢ < j. By a
profinite version of Lemma 2.11 G; normalizes G, whenever ¢ < j. For every i =1,2...
set P; = G' N G;. Since ®(G') = [[, ®(F;), it follows from Lemma 2.2(ii) that G'/P(G’)
is virtually procyclic if, and only if, P;/®(F;) is cyclic for all but finitely many primes p;.
Therefore, since the Sylow subgroups of G’ are finite-by-procyclic, G'/®(G") is virtually
procyclic if and only if G’ is virtually procyclic. Hence, we can pass to the quotient over
®(G') and assume that each subgroup P; is elementary abelian. Thus, from now on our
task is to establish the following fact.

Claim 2. All but finitely many subgroups P; are cyclic.

Suppose that this is false. Each subgroup P; is finite since G’ is of finite rank. Whenever
the rank of P; is at least three we choose a subgroup M; < P; which is normal in G
and satisfies the condition that P;/M; has rank two. Such a subgroup M; does exist
because, by Additional Assumption 1, v3(G) is procyclic. Observe that after passing to
the quotient over the Cartesian product of all such M;, we still have a counterexample
to Claim 2. Thus we can make the following
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Additional assumption 2. The rank of each P; is at most two.

By Theorem 2.7, every element in each P; is a commutator. However we cannot claim
that G’ consists of commutators.

Claim 3. If G is pronilpotent, then G’ is finite-by-procyclic.

Indeed, if G is pronilpotent, then G is the Cartesian product of the subgroups G;
and so G’ is the Cartesian product of the subgroups P;. Combining the fact that every
element in each P; is a commutator in elements of G; with Lemma 2.4, we deduce that
every element of G’ is a commutator. Thus, by Remark 1, G’ is finite-by-procyclic, as
claimed. This completes the proof of Claim 3.

Recall that v, (G) stands for the intersection of all terms of the lower central series
of G. We know from Claim 3 that the commutator subgroup of G/v4(G) is finite-by-
procyclic. Hence, if 7., (G) is finite, then G’ is finite-by-procyclic. Therefore, without loss
of generality, we may make the following

Additional assumption 3. The subgroup v..(G) is infinite.

By Claim 3 the quotient G’ /v~ (G) is finite-by-procyclic. Let T be the largest subgroup
in G such that 7.0(G) < T < G’ and 7o (G) is open in T. In view of Remark 3 we can
assume that T is procyclic. Let 7 be the set m(T') \ (Voo (G)). Then O.(G’) is a finite
characteristic subgroup in G. We pass to the quotient G/O,(G’) and simply assume
that T = 7o (G). Thus, we conclude that G'/v.(G) is procyclic. Since every Sylow
subgroup P; is elementary abelian of rank at most two, whenever P; is non-cyclic we
have P; Ny (G) # 1.

For every i > 2 set H; =[] j<i G;. We know that H,; normalizes G; and it is clear
that p; ¢ w(H;). Observe that P; = [G;, H;G;]. By a profinite version of Theorem 5.3.5
of [8], we have G; = C¢, (H;)|Gi, H;]. Further, since p; ¢ w(H;), it follows that [G;, H;]
is contained in v (G). The latter is procyclic and therefore [G;, H;] is of prime order p;.
We now deduce that G; = Cg,(H;) x [G;, H;]. Note that whenever P; is non-cyclic the
subgroup Cg, (H;) must be non-abelian. Otherwise we would have P; = [G;, H;] < v3(G),
which leads to a contradiction with Additional Assumption 1. Thus, for any i such that
P; is non-cyclic there exist non-commuting elements a;,b; € Cq, (H;).

Let X be the set of all commutators in G. The set X is closed [5, Ex. 6, Chap. 1] and it
is equipped with the topology inherited from G. The set X is covered by countably many
closed subsets C; N X and, by Baire’s Category Theorem, at least one of those subsets
contains a non-empty interior. Thus there exist a positive integer 7, an open subgroup
N < G and z € X, with x = [a,b] for some elements a,b € G, such that X NzN < C5.
Of course, the subgroup N can be taken normal. Thus all commutators contained in the
coset [a,b]N lie in C5.

Let us denote by L the product of all G; for which p; < |G/N| and by J the product
of all G; for which p; > |G/N]|. Since G; normalizes G;, whenever ¢ < j, it follows that J
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is normalized by L. Moreover since J is the product of Sylow p;-subgroups G; for which
p; does not divide |G/N|, we have J < N. Since G = LN, without loss of generality, we
can assume that x = [a, ], with a,b € L.

Set

I ={i|p;>|G/N|and P, is not cyclic}.

We can assume that the set I is infinite, since otherwise we would have all but finitely
many P; cyclic, as required.

Note that the subgroup (a,b) commutes with the subgroup (a;,b;) for any non-
commuting elements a;,b; € Cq,(H;) and any ¢ € I. This is because a; and b; are
taken in Cg,(H;), and so in particular they centralize a, b which belong to L < H;. It
follows from Lemma 2.4 that the elements of the form [a, b][a;, b;] are commutators and
so they all lie in Cj. In particular, all commutators [a;, b;] lie in C5, since so does [a, b].

For any g € G we have [a, gb] = [a, b][a, g]°. Hence all elements of the form [a, b][a, g]°
are commutators. Since all commutators contained in the coset [a, b]N lie in C3, it follows
that [a, N]® < C;.

Now suppose that g € G; for some i € I. Both a and b normalize G; since L does.
On the other hand, a and g are elements of coprime orders and therefore [a,g]® lies
in 7.0 (G). Tt follows that [a,g]” € 73(G) N Gy. If [a,g] # 1, then P; = {([a, g], [as, bi]),
where again a; and b; are arbitrary non-commuting elements from Cg,(H;). Indeed,
both [a,g] and [a;,b;] belong to P;. Observe that they cannot be in the same cyclic
subgroup of P;. This is because [a;,b;] € Cg,(H;) while [a,g] € [G;, H;] and we know
that G; = Cg, (H;) X [G;, H;]. By Additional Assumption 2 the subgroup P; is of rank at
most 2. Due to the choice of i the subgroup P, is non-cyclic. Therefore P; = ([a, g], [a;, b;]),
as desired. However this is a contradiction since both [a, g], [a;, b;] belong to C;. Thus,
we conclude that a commutes with GG; whenever i € I.

Similarly, for any g € G we have [ga, b] = [g,b]%[a, b]. Hence all elements of the form
lg,b]*[a, b] are commutators and we have [NV, b]* < C;. Thus, arguing as in the preceding
paragraph we deduce that b commutes with G; whenever i € I.

For any ¢ € Cp(a) we have [a,cb] = [a,b]. Thus, taking in the above argument the
element ¢b in place of b, we conclude that ¢b commutes with G; whenever i € I. This
holds for each ¢ € C,(a) and therefore Cf(a) commutes with G; whenever i € I. Observe
that L’ is finite, because it is the product of finitely many finite Sylow subgroups of G'.
It follows that Cp(a) has finite index in L and so, being closed, Cp(a) must be open
in L. Now it is easy to see that L contains an open normal subgroup K which commutes
with G; whenever i € 1.

Now let the indices 4, j satisfy the condition that |G/N| < p; < p;. Then G;G; <
J and G; normalizes Gj. Assume additionally that P; is not cyclic and suppose that
Gi,G;] # 1. If y € [G;,G,], then y can be written as a commutator [yi,y2], with
y1 € G; and Yo € [G;, G;]. This is because by Lemma 2.6 we have [G,, G, G;] = [G;, Gi].
Recall that G; = Cq, (H;) x [G;, H;]. Since [G;, H;] is contained in O,,(G), it follows
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that [G;, H;] commutes with G;. Therefore the element y; can be chosen in Cg, (H;). We
deduce that the subgroup (a,b) commutes with the subgroup (y1,ys2). Indeed, on the one
hand, y; € Cg,(H;) and so it centralizes a and b. On the other hand, it has been shown
above that both a and b commute with all element of G; whenever j € I. In particular
both a and b commute with yo. It follows from Lemma 2.4 that the element [a,b]y is a
commutator. In view of the fact that all commutators contained in the coset [a,b]N lie
in C3, we conclude that y € Cy. If y # 1, then P; = ([a;,b;],y). Indeed both [a;, b;] and
[y1, y2] lie in P;. These elements do not belong to the same cyclic subgroup since [a;, b;]
is in Cq, (H;) and y = [y1, 2] lies in [G}, H;] (we use here that y; € H; and y2 € G).
Moreover by Additional Assumption 2 the subgroup P; is of rank at most 2 and we are
assuming that P; is non-cyclic. Therefore P; = ([a;, b;],y). This leads to a contradiction
since we know that both [a;, ;] and y lie in C5. Thus, we have [G;, G;] = 1 whenever
the indices ¢ and j satisfy the conditions that |G/N| < p; < p; and P; is non-cyclic.

Let us show that for every j € I there exists ¢ < j such that [G;, G;] # 1. Suppose
that [G;,G;] =1 for all ¢ < j and put ¢ = p;. Then G/O4 (G’) is pronilpotent. It follows
that 7o (G) < Oy (G”). This contradicts the assumption that P; N7y (G) # 1 whenever
P; is non-cyclic. Thus, indeed for every j € I there exists ¢ < j such that [G;, G,] # 1.

On the other hand, [G;,G,] = 1 whenever the indices ¢ and j satisfy the conditions
that |G/N| < p; < p; and P} is non-cyclic. The conclusion is that if j € I and [G;, G;] # 1
for some i < j, then p; < |G/N|. It follows that [L,G;] # 1 for every j € I.

Recall that K has been taken as an open normal subgroup of L which commutes
with G; whenever p; > |G/N| and P; is non-cyclic. Write L = (l1,...,l;, K) for some
li,...,l; € L. For every i € I there exists an index j € {1,...,t}, depending on i,
such that [; acts non-trivially on P;, and so G; N v3(G) = [G;,1;]. Therefore for some
ke {l,...,t} the set

E={icl|[Gyl]+1)

must be infinite. Note that for each i € E, every element in [G;, [;] can be written as a
commutator [g;, ], where g; € [Gy,li]. In fact, for each i € E and for any non-commuting
elements a;,b; € Cg,(H;) the subgroup (a;,b;) commutes with the subgroup (g;, ).
Indeed, we have G; = Cg,(H;) x [G;, H;]. Both elements a; and b; are in Cg, (H;) and so
they commute with I, € L. Moreover a; and b; commute with g; because g; € [G;, H;].
Therefore by Lemma 2.4 the product [a;, b;][g;, %] is again a commutator. We are ready
to prove the following claim.

Claim 4. Every element of the Cartesian product [[,., P; is a commutator.

Let x = HZEE x;, where x; belongs to P;. For any ¢ the element z; can be written as
[ai, bi]]gi, k] for some g; € [Gy,1x] and some non-commuting elements a;,b; € Cq, (H;).
Moreover for any ij,i2 € FE, the subgroup (a;,,b;;) commutes with the subgroups
(@i, biy)y (giy, k) and (gi,, ). Hence we have [g;,, lk][9in, k] = (9, 9in, lic]. Write
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QOZHQi, GOZH% andbO:Hbi~

i€l el S

Then we have

x = [ai,, b, |[@iy, big] -+ - (9319 -+ 5 k] = [ao, bol[g0, 1]

Since also the subgroup (go, l;) commutes with the subgroup (ag, by}, the element = can
be written as [aggo, bolk], and so it is a commutator, as claimed. The proof of Claim 4 is
complete.

Since every element in [ [, P; is a commutator, we conclude that [ [, P; is virtually
procyclic. Obviously we now have a contradiction since P; is not cyclic whenever i € E.
This concludes the proof of Claim 2. By Lemma 2.2 G’ is virtually procyclic. Lemma 2.1
implies that G’ is finite-by-procyclic. The proof of the theorem is now complete. O

5. Main result

The proof of Theorem 1.1 will now be fairly easy.

Proof of Theorem 1.1. We wish to prove that if G is a profinite group, then G’ is finite-
by-procyclic if and only if the set of all commutators of G is contained in a union of
countably many procyclic subgroups.

So assume that the set of all commutators in G is contained in a union of countably
many procyclic subgroups. It follows from Theorem 7 of [1] that G’ is virtually soluble. Of
course, this implies that G is virtually soluble. Choose a normal soluble open subgroup
N in G. Let d be the derived length of N and argue by induction on d. If d < 1, then
the result follows from Theorem 3.4. Hence we can assume that d > 2. Let M be the
last non-trivial term of the derived series of N. By induction G’/M is finite-by-procyclic.
Let T be the metabelian term of the derived series of N. Then M = T’ and so, by
Theorem 4.1, M is finite-by-procyclic. Lemma 2.3 now tells us that M has a finite
characteristic subgroup My such that M/M; is procyclic. We can pass to the quotient
G /My and without loss of generality assume that M is procyclic. Then by Lemma 2.5 we
have M < Z(G'). Recall that G’ /M is finite-by-procyclic. Applying Lemma 2.3 to the
quotient group G /M, we obtain that G’ contains a characteristic subgroup K such that
K /M is finite and G’/ K is procyclic. Since M < Z(G"), by Schur’s theorem K’ is finite.
We pass to the quotient G/K’ and without loss of generality assume that K is abelian.
So K is an abelian virtually procyclic subgroup. In view of Remark 3 we can assume
that K is procyclic. Then, again by Lemma 2.5, K < Z(G'). Since G’/ K is procyclic, it
follows that G is metabelian and the result follows from Theorem 4.1.

Thus, we proved that if the set of all commutators in G is contained in a union
of countably many procyclic subgroups, then G’ is finite-by-procyclic. The converse is
immediate from Proposition 2.12. The proof is now complete. O
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